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We investigate electronic and transport properties of bismuth (111) bilayer in the context of sta-
bility of its topological properties against different perturbations. The effects of spin-orbit coupling
variations, geometry relaxation and an interaction with a substrate are considered. Transport prop-
erties are studied in the presence of Anderson disorder. Band structure calculations are performed
within multi-orbital tight-binding model and density functional theory methods. A band inversion
process in bismuth (111) infinite bilayer and an evolution of edge states dispersion in ribbons as a
function of spin-orbit coupling strength are analyzed. A significant change of orbital composition of
the conduction and valence bands during a topological phase transition is observed. A topological
phase is shown to be robust when the effect of geometry relaxation is taken into account. An in-
teraction with a substrate has similar effect to an external perpendicular electric field. The robust
quantized conductance is observed when the Fermi energy lies within the bulk energy gap, where
only two counter-propagating edge states are present. For energies where the Fermi level crosses
more in-gap states, a scattering is possible between channels lying close in k−space. When the
energy of edge states overlaps with bulk states, no topological protection is observed.
I. INTRODUCTION
Topological insulators (TI) are bulk insulators, which
support protected boundary states1–3. In two dimen-
sional systems this is manifested by a presence of helical
1D edge states, with spin edge transport immune to non-
magnetic disorder. This phenomenon is called quantum
spin Hall effect (QSHE), and was first noticed theoreti-
cally for graphene with spin-orbit interaction included4.
It has stimulated large body of research on both 2D,
and parallelly, 3D materials. There are several experi-
mentally confirmed 2D topological insulators, including
CdTe/HgTe/CdTe5 and AlSb/InAs/GaSb/AlSb6 quan-
tum wells, ZrTe5
7,8, Bi (110)9 and Bi(111) bilayers10–12,
with many other systems predicted to support quantum
spin Hall non-trivial state13. The list of experimentally
addressed 3D topological insulators is even larger and
constantly growing14.
Topological protection against backscattering of elec-
trons transported through edge channels was investi-
gated by several authors15,16. Situation is straightfor-
ward in case when pair of helical edge states linearly
crosses the energy gap. Electrons propagating through
edge channels are immune to backscattering due to spin-
momentum locking. Since the time reversal symmetry is
present in a system, it is not possible to flip the spin and
change a moving direction. This leads to the conductance
quantization in disordered samples up to the point when
disorder couples edges of the system. On the other hand,
an ideal situation with linearly dispersing edge states is
not expected to occur in real systems. While topological
insulators are characterized by an even number of edge
states crossing the energy gap, it is not clear whether de-
viation from linear dispersion affects topological protec-
tion against backscattering. Although the effect of scat-
tering between bulk and edge states was already studied
for both 2D15,16 and 3D TI’s17, the influence of extra
in-gap states on transport is not well-understood.
Bismuth (111) bilayer was one of the first real-life sys-
tem predicted to be 2D TI18. Free-standing bismuth bi-
layers have 0.2 eV band gap at the Γ point and it was
shown that it can be further increased to 0.8 eV by a
proper choice of a substrate19. This makes Bi (111) very
compelling as the gaps in other 2D TI’s are of the order of
meV. Calculations has shown QSHE in Bi(111) to be sta-
ble against strain and electric fields20, as well as choices
of different substrates21. Comparing to Kane-Mele4 and
BHZ22 models, novel properties of edge states in ribbon
geometry were recognized23, and high level of tunability
between localized and extended edge states by chemi-
cal means was predicted24–32. Orbital magnetization in
quantum dot geometry resulting from edge states circu-
lation was also shown to exhibit similar robustness33.
Despite intensive efforts to understand bismuth34,
some aspects of topological properties of this material
are still not clearly understood. Although 3D Bi(111)
crystal is conventionally known to be trivial insulator
(opposite possibility discussed by Ohtsubo et al. 35), non-
trivial phase in thin films was shown to survive up to four
bilayers without even-odd oscillations36. The nature of
edge states measured recently12 in topmost layers of Bi
(111) is also controversial (Yeom et al. 37 and references
therein). A problem of robustness of topological insula-
tor phase in bismuth against different perturbations was
also studied within a limited scope26,32.
In this work we focus on several aspects of Bi (111)
bilayer as a realistic model of topological insulator. Us-
ing a combination of tight–binding and density functional
theory methods, we study the effects of spin-orbit cou-
pling parameter, geometry relaxation and an interaction
with a substrate on the energy band structure. For 2D
bismuth, a band inversion process as a function of spin-
orbit coupling strength is examined. Ribbons are consid-
ered in two crystallographic orientations, with zigzag and
ar
X
iv
:1
61
2.
00
64
7v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
5 D
ec
 20
16
2armchair edges. We investigate changes in a dispersion
of their edges states when perturbations are included.
Next, the transport properties in pure and disordered
systems are studied. By controlling the Fermi energy po-
sition, we analyze scattering processes between the edge
and the bulk states. This allows us to distinguish energy
regimes with and without topological protection against
backscattering. We also verify whether the topological
Anderson insulator phase38,39 exists for ribbons within a
trivial regime, similarly to CdTe/HgTe/CdTe systems.
II. METHODOLOGY
A. Lattice structure within Density Functional
Theory method
Bi(111) bilayer is a buckled 2D honeycomb crystal
schematically shown in Figure 1(a). A hexagonal unit
cell contains two atoms and its geometrical parameters
are: a lattice constant a and a bilayer thickness h.
We conducted the ’ab–initio’ calculations with ABINIT
software40, which implements the density functional the-
ory (DFT). The slabs of Bi bilayers and ribbons were sep-
arated by a vacuum region of 10 A˚. The atoms were mod-
eled within the frame of fully relativistic projector aug-
mented waves (PAW)41 and the general gradient approx-
imation (GGA) of the exchange-correlation functional42.
Structural parameters were optimized until the forces on
atoms were smaller than 10−7 Ha/Bohr. The 8 × 8 × 1
and 16×16×1 Monkhorst–Pack k–point grids were used
for structural optimization and density of states calcula-
tions, respectively. The plane wave basis cut-off was set
to 20 Ha.
Our DFT calculations give the following values of
structural parameters: A-B atoms distance along z axis
h = 1.73 A˚ and A-A atoms distance a = 4.43 A˚. They
are in a good agreement with calculations done by Huang
et al. 21 , correspondingly h = 1.74 A˚ and a = 4.33 A˚
and experimental values from Hirahara et al. 43 (h =
1.64 ± 0.04 A˚ and a=4.39±0.05 A˚). These values differ
from parameters presented in Liu et al. 36 (h = 1.58 A˚
and a = 4.52 A˚), although those calculations were per-
formed with the use of the local density approximation,
which is known to give different results for geometry op-
timization than GGA.
Besides the infinite Bi(111) bilayer plane, we have stud-
ied the electronic properties of ribbons, which are the fi-
nite width structures in a strip geometry periodic in one
direction. We consider two most stable edge termina-
tions of a honeycomb lattice, namely zigzag and armchair
type of edges. The width of a ribbon is determined by a
number of atoms Nat in a direction perpendicular to the
edge. We investigate the bismuth (111) bilayer ribbons
with Nat = 90 atoms, unless otherwise stated.
B. Tight-binding method
We use four-orbital (s, px, py, pz) tight-binding model
(TB) developed by Liu and Allen44 for bulk bismuth
with modification proposed by Murakami18, in which
all interlayer interactions are set to zero. The inter-
atomic hopping up to the third nearest-neighbors and
the atomic spin-orbit coupling (SOC) are parametrized
with the Slater-Koster approach45. Hamiltonian can be
written as
H =
∑
i,σ, ~R
( ∣∣∣i, σ, ~R〉 (Ei + Ui)〈i, σ, ~R∣∣∣ )+
∑
i,j,σ, ~R,~RNN
( ∣∣∣i, σ, ~R〉V NNij 〈j, σ, ~RNN∣∣∣+ H.c.)+
∑
i,j,σ, ~R,~R ~NNN
( ∣∣∣i, σ, ~R〉V NNNij 〈j, σ, ~RNNN∣∣∣+ H.c.)+
+
∑
i,σ,σ′ , ~R
( ∣∣∣i, σ, ~R〉 λ
3
~L · ~σ
〈
i, σ′, ~R
∣∣∣+ H.c.),
(1)
where i, j indicate {s, px, py, pz} orbitals and {σ, σ′} -
spins. ~R are atomic positions with NN and NNN label-
ing nearest and next-nearest neighbors, Ei denote on-site
orbital energies and Ui is on-site random potential. Vij
are Slater-Koster two-center integrals between i and j
orbitals. The last term corresponds to atomic SOC with
λ as SOC parameter. In our TB calculations, we first
consider SOC strength as a fitting parameter and after
comparison with DFT results presented in a next Sec-
tion, we take λ = 1.8 eV. This value is slightly modified
in comparison with Liu and Allen λ = 1.5 eV44. Thus,
TB parametrization may lead to minor variations of re-
sults, but they are all consistent in a qualitative way.
In a first term of Hamiltonian given by Eq. (1), Ui
is on-site random potential with values chosen from the
uniform distribution from
[−W2 , W2 ]. W denotes disor-
der strength and is implemented in order to study trans-
port properties in a presence of Anderson-type disorder.
The conductance is studied as a function of disorder
strength with results averaged over 100 disorder real-
izations, which, as we verified, was sufficient to obtain
reasonably small statistical fluctuations.
C. Transport calculations
For transport calculations, we consider two-terminal
geometry with semi-infinite leads attached to the left and
the right edge of the scattering region. The Landauer
formula for the differential conductance is given by
G =
e2
h
∑
n∈L,m∈R
|Snm|2, (2)
3where Snm are the scattering matrix elements calculated
using the recursive Green’s functions method. |Snm|2 is
calculated from
|Snm|2 = Tr
[
ΓLG
r
1,NΓR(G
r
1,N )
†] . (3)
where Gr1,N is a matrix representing the retarded Green’s
function between the first and the N-th slice, with slic-
ing procedure presented in Lewenkopf and Mucciolo 46
for zigzag and armchair graphene ribbons. ΓL(R) is de-
fined as a difference of semi-infinite lead self-energies(
ΓL(R) = ΣL(R) − Σ†L(R)
)
, where electron self-energies
are calculated using Sancho-Rubio47 iterative algorithm.
All calculations were performed for non-interacting case
and in T = 0 K. Semi-infinite leads, attached to the
edges of the system, were considered as made from the
same material as studied system to avoid the contact re-
sistance effect. We chose a system consisting of 90 by 180
bismuth atoms, which was sufficiently large to get size-
independent results for the effects under consideration.
III. ENERGY BAND STRUCTURE
A. Bi(111) infinite bilayer
Low energy band structures of Bi(111) bilayer along M-
Γ-K direction obtained within DFT and TB methods are
shown in Fig. 1(b). We observe a satisfying agreement
between TB model and DFT results close to maximum
of the valence band for SOC parameter λ = 1.8 eV. The
band structure has well defined energy gap at the Γ point.
Within TB method Egap ≈ 0.2 eV, and even larger gap
(Egap ≈ 0.4 eV) from DFT calculations is obtained. We
have verified non-trivial topology of band structure by
calculating Z2 invariant for inversion symmetric systems
according to method from Fu and Kane 48 .
A band inversion point is determined by looking at evo-
lution of valence band maximum and conduction band
minimum as a function of SOC parameter within TB
method49, shown in Fig. 1(c). Topological phase transi-
tion is observed for λ1 = 0.982 eV. A further increase of
SOC parameter leads to the second crossing within the
valence bands at λ2 = 1.471 eV, but it does not change
the Z2 invariant. A splitting between two valence bands,
labeled as V B and V B−1, depends crucially on the SOC
strength (Fig. 1(c)). A choice of λ = 1.8 eV in our TB
model with the band structure shown in Fig. 1(b) was
motivated by fitting V B to V B− 1 splitting to our DFT
calculations.
TB orbital composition of low energy band structure
in a trivial phase for λ = 0.8 eV, topological insulator
phase before the second band crossing for λ = 1.3 eV,
and topological insulator phase after the second band
crossing for λ = 1.8 eV, are shown in Fig. 1(d). For val-
ues of λ corresponding to a trivial phase low energy bands
are composed mostly of pz orbitals. With an increase of
FIG. 1: (a) Side and top view of bismuth (111) structure
with parameters obtained from DFT calculations. Experi-
mental values in brackets are taken from Hirahara et al. 43
and presented for comparison. (b) Energy band structures of
Bi(111) bilayer along M-Γ-K direction obtained within DFT
(red lines) and TB methods (black circles) with SOC λ = 1.8
eV. (c) Evolution of energies at the Γ point as a function of
SOC parameter λ using TB method. Topological phase tran-
sition is observed for λ1 = 0.982 eV. The second band crossing
between the valence bands is seen for λ2 = 1.471 eV. (d) TB
orbital composition for three different values of SOC parame-
ter (λ = 0.8, 1.3, 1.8 eV). Radius of red (blue) dots represents
px + py (pz) orbitals contribution to bands.
SOC strength, the top of the valence band looses pz char-
acter and becomes composed also from px + py orbitals.
One can also note that with a variation of SOC param-
eter, a character of band gap changes, from direct (in a
trivial phase) to slightly indirect (Fig. 1(b)) after topo-
logical phase transition. After the second band crossing
for λ2 = 1.471 eV, a pz orbital contribution to the top of
the valence band is further decreased.
B. Bi(111) bilayer ribbons
A characteristic feature of the electronic band struc-
ture of topological insulators in a strip geometry is the
presence of counter-propagating edge states crossing the
energy gap. We investigate stability of these edge states
against a variety of perturbations.
1. Spin-orbit coupling effect
While SOC is characterized by a type of material,
it can be partially controlled by external factors like
dopants or lattice curvature50–52. We would like to ana-
lyze how SOC strength affects a dispersion of edge states.
We consider wide ribbons to make the 1D band struc-
4ture width independent. This allows us to focus on more
general properties of the studied structures. In Fig. 2,
energy band structures for ribbons with Nat = 90 with
zigzag (a-c) and armchair (d-f) edges are shown. We
have considered three values of SOC parameter (as in
Fig. 1(d)), one representing a trivial phase for λ = 0.8
eV (a) and (d), topological insulator phase before the
second band crossing for λ = 1.3 eV (b) and (e), and
topological insulator phase after the second band cross-
ing for λ = 1.8 eV (c) and (f). A size of the blue lines
in Fig. 2 represents a magnitude of the localization of
states at two atomic sites on both edges, showing that
in-gap states are indeed localized almost solely on the
boundaries of the ribbons.
First, we consider zigzag edge termination. For weak
SOC λ=0.8 eV within a trivial phase, two branches of
edge states are attached to the top of the valence band
at the boundaries of the Brillouin zone. Their dispersion
is quasi-flat and they do not cross the energy gap (Fig.
2(a)). An increase of SOC leads to a shift of an upper
branch to the conduction band. After reaching a critical
value of SOC, an upper branch of edge states touches
the conduction band at the boundaries of the Brillouin
zone. We relate it to a topological phase transition af-
ter which the material becomes TI. A further change of
SOC increases an energy band gap which causes a larger
dispersion of edge states, see Fig. 2(c). In a case of
armchair ribbons, two branches of edge states are always
present. For a weak SOC one pair of edge states lies
within the energy gap and the second pair has lower en-
ergy, overlapping with the valence band. Increasing SOC
affects stronger the in-gap edge states, making them more
dispersive. When a critical value of SOC is exceeded,
they cross the energy gap connecting the valence and
the conduction bands similarly to the zigzag ribbon case.
The lower branch of edge states remains attached to the
top of the valence band and is not strongly affected by
the change of SOC. Thus, we can assume that only one
branch of edge states has a topological origin, and the
second one can be associated with trivial edge dangling
bonds.
An interesting feature of topological edge states in bis-
muth, in both types of ribbon edge termination, is that
their dispersions depart from linearity, contrary to clear
Dirac-like spectrum in e.g. Kane-Mele model4. Close
to the top of the valence band, one can notice a double
crossing of the given Fermi energy by edge states branch.
A velocity direction of mobile electrons is determined by
a dispersion relation v ∼ δE/δk. Here, this quantity for
edge states changes sign within the Brillouin zone. This
may affect the conductance due to possible scattering
between counter-propagating states within a given edge.
We come back to this issue in Section IV.
FIG. 2: Energy band structures of zigzag (a – c) and arm-
chair (d – f) bismuth ribbons with Nat = 90 for three different
values of the SOC parameter, λ = 0.8 eV (a) and (d), λ = 1.3
eV (b) and (e), and λ = 1.8 eV (c) and (f), respectively. A
thickness of the blue line represents a magnitude of the local-
ization of states at two edge atomic sites. For λ = 1.3 eV and
λ = 1.8 eV in both zigzag and armchair ribbons there are edge
states connecting bulk valence and conduction bands, which
is characteristic for topologically non-trivial states.
2. Edge relaxation and substrate effect
Geometry relaxation of finite fragments of ideal hon-
eycomb lattice is a natural process related to the sta-
bilization of structures that leads to minimization of a
total energy of the system. We investigate a band struc-
ture of geometry–optimized zigzag ribbon with Nat = 14,
see Fig. 3(a), performed in DFT abinit software and
compare it with TB model with the modified edge hop-
ping integrals. Relaxation affects mostly the edge lattice
sites, which have only two neighbors, and the ideal edge
hexagons are deformed. Edge atoms move towards a cen-
ter of a hexagon which decreases their relative distance to
two nearest-neighbors (by 0.04A˚) and changes an angle
ϕ between atomic bonds from 30.00◦ to 28.41◦, see Fig.
3(a). The effect of this shift has an influence on energy
band structure in a vicinity of the Fermi energy shown in
Fig. 3(b) for DFT results. Smooth edge states crossing
the energy gap become slightly rippled ones, but their
crossing remains. Thus, we do not expect a destruction
of topological properties of the system due to relaxation.
We note here that small anti-crossings of edge states af-
ter geometry relaxation for narrower ribbons occur but
situation shown in Fig. 3(b) is more typical for wider
ribbons.
Next we model a relaxation effect within TB method
by modifying angles and hopping parameters between
edge atoms and their neighbors. Hopping parameters
Vij are changed according to Harrison theory
53, Vij =
5FIG. 3: (a) Zigzag ribbon with Nat = 14. A unit cell is
marked by a dashed rectangle. An angle ϕ parametrizes a
position of an edge atom after relaxation. (b) The energy
band structure of relaxed and unrelaxed zigzag ribbon from
DFT method. (c) On the left: the energy band gap (Egap)
and the position of edge states crossing (Ecross.) as a function
of angle deviation from original value, ∆ϕ = ϕ0 − ϕ. Two
values of n = 2 and n = 7 parametrize the variation of Slater-
Koster integrals (see text) due to the bond shortening. On the
right: Analogous analysis in the case of variation of a lattice
constant ∆a for ∆ϕ = 25◦. (d) The band structures from
TB method of relaxed and unrelaxed zigzag ribbon. Relaxed
structure was modeled for ∆φ = 25◦ and ∆a = 0%.
V 0ij(d/d0)
−n, where V 0ij are the original values of Slater-
Koster parameter, d0 and d are original and modified
bond lengths, respectively. We take n as a parameter
which is responsible for the strength of Vij modification
due to bond shortening. The effect of edge modification
on the band gap (Egap) and an edge state crossing en-
ergy (Ecross.) is presented in Fig. 3(c), where the angle
φ (at the edges) and the lattice constant a (in the whole
system) changes are studied. For all possible positive n
and different θ the band gap decreases but remains open.
However, an increase of a lattice constant a leads to the
wider band gap. Both processes increase an energy of
edge state crossing, but this behavior in TB model is an
order of magnitude smaller than in DFT calculations. We
note that within the edge modified TB model, Fig. 3(d),
we were not able to change significantly a dispersion of
edge states, as seen in DFT result in Fig. 3(b). This
suggests that mechanism of edge relaxation needs more
sophisticated TB parametrization.
We have also investigated an effect of a substrate on
a ribbon band structure. We have considered a sys-
tem which consists of two infinite bilayers, where peri-
odic boundary conditions were imposed on a bottom one.
In this case, two double degenerated branches of edges
states split due to the inversion symmetry breaking (not
FIG. 4: (a) and (b) The energy band structures (left) and
transmission at a corresponding energy (right) for (a) zigzag
and (b) armchair ribbons in a system without disorder. (c)
and (d) The conductance of (c) zigzag and (d) armchair rib-
bons as a function of disorder strength W for three values
of Fermi energies marked on (a) and (b) by horizontal color
lines. In the inset in (c) we present results for different ribbon
widths, Nat = 30, 50 and 90 atoms, keeping aspect ratio of
the system constant (Nwidth=2Nat.). The inset in (d) com-
pares a decrease of the conductance as a result of localization
of states for energy below the top of the valence band for two
different system lengths, with 180 and 900 atoms.
shown here). Therefore, the substrate has similar effect
to an external perpendicular electric field when two sub-
lattices of honeycomb crystal become inequivalent20. Be-
sides the degeneracy removal, no other significant effects
were noticed.
IV. TRANSPORT PROPERTIES
The topological nature of the edge states ensures a pro-
tection against backscattering of transported electrons.
This is related to the helical edge channels which results
in a spin-momentum locking. Electrons with a given spin
traveling in one direction cannot be backscattered unless
the spin-flip process occurs. As it was shown in a previ-
ous Section, edge states dispersion in bismuth ribbons is
not linear as in a simple TI model4, and an electrons ve-
locity does not have a uniquely defined direction within
the entire Brillouin zone. As the edge states dispersion
allows to change a movement direction, it is tempting
to verify whether the backscattering in this case is still
forbidden.
Figures 4(a) and (b) present the band structures and
the corresponding conductance G at the given Fermi en-
ergy for zigzag and armchair ribbons with Nat = 90
atoms and in the absence of disorder. We consider
6three characteristic regimes of the Fermi energy posi-
tion: within the band gap region with the edge states
crossing the Fermi energy twice and six times, and below
the energy gap, where a contribution to transport from
bulk states occurs, see solid lines in Fig. 4(a) and (b).
All states in the band structure are Kramers degener-
ate. When the sample is biased, each edge state results
in a single contribution to the transport, increasing the
conductance by e2/h. The conductance within the first
regime in the band gap region at the Fermi energy rep-
resented by black lines in Fig. 4(a – b) is equal to 2e2/h.
Then it increases to 6e2/h when the Fermi level is low-
ered to the point where a double crossing with the other
branch of edge states occurs (red line). When the Fermi
energy crosses more bulk states, they start to contribute
to transport and one can observe almost monotonic in-
crease of the conductance. Deviations from this trend are
seen for some energies and are attributed to unimportant
size effects in the studied system.
For three characteristic regimes we check how disorder
influences the conductance of the system. We study sam-
ples with scattering region composed of 90 × 180 atoms
with semi-infinite pure leads attached at both ends. An-
derson type of disorder is introduced by adding a random
on-site potential on lattice sites. When the Fermi level,
represented by black lines in Fig. 4(a – b) crosses one
pair of edge states, transport is topologically protected
and only very strong disorder (above W ≈ 2 eV) starts
to localize the states. This results in the decreasing con-
ductance, see Fig. 4(c) for zigzag and (d) for armchair
ribbons. In zigzag ribbon, when the Fermi energy starts
to cross the lower branch of edge states (a red line in Fig.
4(b)), we observe their fast localization and in a conse-
quence a decrease of the conductance from 6 to 2e2/h,
marked with red squares in Fig. 4(c). We explain this
behavior as a scattering between two states from a lower
branch of edge states near boundaries of the Brillouin
zone. Then, for disorder values between 0.4 and 0.9 eV,
the conductance plateau is observed with 2e2/h, which is
attributed to topologically protected transport through
states from an upper branch of edge states. The inset
shows that this occurs only for sufficiently wide samples.
Further lowering of the Fermi energy to the point where
an overlap with bulk states is observed causes an edge
states mixing and results in the diminished conductance
with respect to disorder strength. Similar effects are ob-
served for armchair ribbon. When the upper branch of
edge states starts to overlap with the lower one (the sec-
ond regime), the conductance drops from 6 to 2e2/h, even
more rapidly than in zigzag ribbon. Interestingly, trans-
port here is more stable comparing to the zigzag case.
The plateau is observed for W ≈ 0.2 eV to W ≈ 1 eV,
however this depends on sample length (see the inset in
4(d)). When the edge states start to overlap with the
bulk states, the quantized conductance is destroyed just
as in zigzag case. We also note that when the ribbon is
within a trivial insulator regime (λ = 0.8 eV), we do not
observe any signs of disorder-induced topological Ander-
FIG. 5: A map of the conductance G as a function of disorder
strength W and the Fermi energy E for (a) zigzag and (b)
armchair-type ribbons with 90 × 180 atoms. On the left we
show corresponding energy band structures for ribbons with
Nat = 90. A region with topologically protected transport
with G = 2e2/h is clearly visible.
son insulator phase38,39. We studied also the effect of
the substrate within TI regime. We have found that the
splitting of states has no effect on the transport proper-
ties.
The results of disorder effects on the conductance are
summarized on maps shown in Fig. 5, (a) and (b) for
zigzag and armchair ribbons, respectively. In both cases,
a large region within the energy gap with the quantized
conductance G = 2e2/h is seen. In armchair case within
an energy region E = (−0.1,−0.2), one can observe
transport with the quantized conductance G = 2e2/h
even when there are lower and upper edge state branches.
Due to the short distance in reciprocal space between
states from the lower branch, the scattering within them
is possible, which is not true for states from the up-
per branch. Thus, we conclude that a value of disorder
strength necessary to break the ideally quantized con-
ductance G = 2e2/h is affected by a distance between
states in k–space, and also an energetic distance between
the bulk and the edge states. Thus, this value does not
7depend on the level of localization of wavefunction at the
edge, see the localization of edge states in Fig. 2 (c) and
(f). The conductance through the bulk states in zigzag
case is higher (dark red color in Fig. 5 (a)), which is re-
lated to larger density of bulk states for this kind of edge
termination.
V. CONCLUSIONS
In summary, we have studied electronic and transport
properties of bismuth (111) bilayer and ribbons in a con-
text of stability of their topological properties against
different perturbations. We investigated the changes in
energy band structures due to variations of SOC, a ge-
ometry relaxation effect and an interaction with a sub-
strate. We studied also the Anderson-type disorder ef-
fects on transport properties of this system. We varied
SOC parameter from initial value λ > 1.5 eV and we
have shown that the system transforms into a trivial in-
sulator for λ < 0.982 eV. In bismuth (111) bilayer this is
associated with an inversion of bands in the energy band
structure. In ribbons a dispersion of edge states flattens,
and as a consequence a connection between valence and
conduction bands by these states is destroyed. A change
of dispersion of edge states associated with geometry re-
laxation has no effect on their topological nature. The
effect of interaction with a substrate is similar to that of
external perpendicular electric field and we did not study
it here in detail.
In order to verify the topological protection of edge
states against backscattering, we examined the transport
properties in a presence of the Anderson–type disorder.
We have shown a regime with the quantized conductance
unaffected by a weak disorder, where the edge states have
quasi-linear dispersion within the energy band gap. We
also note that within this regime no effect of an inter-
action with a substrate can be noticed. For energies,
where an edge state crosses the given Fermi energy twice
(zigzag ribbon case), or there are two branches of edge
states (armchair ribbon case), a scattering is possible be-
tween channels lying close in k–space. In this case, the
transport through the edge channels localized in a differ-
ent part of the Brillouin zone was still unaffected by a
weak disorder. When the Fermi energy overlaps with the
bulk states energies, no topological protection has been
noticed. We have also verified that the TAI phase do not
appear in bismuth when SOC was decreased changing
the system into trivial insulator.
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